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Abstract 
              The distance- t dominating set is an interesting property used in the allocation of finite resources to a 
massively parallel architecture. The distance -t dominating set also helps in sharing resources amongst the nodes and 
thereby lays the framework for designing alternate parallel paths should one or more of the nodes fail. In this paper we 
discuss the process of determining the distance-t- dominating set of the extended star graph ES(n, k.). We design the 
algorithms to determine the distance-t dominating sets of ES for lower integers such as t = 2, 3, 4, 5 and then using the 
above mentioned algorithms we design generalized algorithms to determine the distance-t dominating set of ES for all t 
where t> 2. 
© 2015 The Authors. Published by Elsevier B.V. 
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Introduction 
The extended star graph ES (n, k) and the extended star graph with cross-connections ESC (n, k) are 
massively parallel network architectures designed by A. Anto Kinsley et al.1, to overcome the scalability 
problems posed by the star graph network4.  The ESC has a better diameter, robustness and fault tolerant 
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properties than the star graph network which was found to be topologically superior to the classic 
hypercube network 4.  In section 1 we study the construction of the extended star graph (ES)1.  A set ܵ ك ܸ 
of vertices in a graph G = (V, E) is called a dominating set if every vertexݒ א ܸ, is either an element of S or 
is adjacent to an element of S. A dominating set S is a distance- t dominating setA set S is a distance-t 
dominating set if for every vertexݑ א ܸ െ ܵ, ݀ሺݑǡ ܵሻ ൑ ݇.  The distance-t domination number is denoted 
asߛஸ௞ሺܩሻ.   
 
1. Extended Star Graph 
The extended star graph (ES)1 is a scalable network that takes advantage of star graph and tree 
architectures.  The extended star graph architecture consists of two types of nodes, the processor elements 
(PEs) and the network controllers (NCs).             
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Extended star graph ES (3, 1) 
 
The basic module of theextended star graph, represented by ES (n, 1) consists of an n-star of PEs, 
ଵܲǡ ଶܲ ǥ ௡ܲǨ at level zero and one NC represented as ଴ܲ at level one. The PEs of the n-star are connected to 
the NC by links.  The ES (3, 1) with two hierarchical levels is shown in Figure 1.  The PEs are all at the 
lowest (or zero) level and the NCs are at higher levels.  Using n! such building blocks we can construct an 
ES (n, 2) with three levels of hierarchy.  The number of hierarchical levels of ES (n, k)is denoted as ݊௛  and 
its value is k + 1. 
In general, we represent an extended star graphcomprising of n-stars3 and (k + 1) hierarchical levels by 
ES (n, k).  The ES (n, k) can be built using n! ES (n, k – 1)s.  The PEs and NCs of the ES (n, k) are 
represented by combination of permutations ଵܲǡ ଶܲ ǥ ௡ܲǨ on n symbols1, 2, 3…. n. The combination of two 
permutations is denoted as ௜ܲ ௝ܲ, simply ௜ܲ௝ .  Denote the set {1, 2…. n!} asȦ.   
 
 
 
 
 
 
 
 
 
 
 
 
(a)                                                          (b) 
Figure 2(a): ES (2, 1)Figure 2(b): ES (2, 2) 
In the ES (n, k), the PEs are addressed by combination of k permutations as ௜ܲభ௜మǥ௜ೖ , where ݅ଵǡ ݅ଶ ǥ ݅௞ א
Ȧ.  In general, the nodes of an n-star at level j are represented by combination of (k – j) permutations, where 
0൑j൑k.                          
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Thus a node of level j is represented by ௜ܲభ௜మǥ௜ೖషೕ and a node at level zero is represented by 
௜ܲభ௜మǥ௜ೖwhere݅ଵǡ ݅ଶ ǥ ݅௞ א Ȧ.  ௜ܲభ  indicates the address of the top parent node at level k – 1, ௜ܲೖషೕషభ  
corresponds to the parent node and  ௜ܲೖషೕ  represents the position of the node in the n - star.  The addresses 
of all pairs of neighbouring PEs differ in the last component.  Hence the ES (n, k) is constructed by 
interconnecting n! number of ES (n, k – 1) s and the NC of level k form an ES (n, k).  The ES (2, 1) and ES 
(2, 2) are shown in Figure 2 (a) and (b). 
 
2  Distance-t dominating set of ES (n, k) 
2.1 Design of Algorithm 
         In order to find the distance-t-dominating set of ES (n, k)2,5 for all t>2 we shall begin by finding the 
distance-2 dominating set of ES (n, k). From the structure of ES (n, k) we can deduce that the number of 
nodes decrease as we go from the bottom to the top of ES (n, k). 
        The figure 1.1 gives us an idea of how ES (n, 2) might look like even though it does not show all the 
nodes (PEs) and edges of the network. However, we can deduce that ଴ܲ alone suffices for the distance-2 
dominating set of ES (n, 1) as well as ES (n, 2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3: Structure of ES (n, 2) 
 When k > 2, in order to obtain a distance-2 dominating set S, we shall proceed by choosing level 2.  
When S imbibes all the nodes of level 2, it can be easily seen that level 0 and level 1 are dominated and so 
are the nodes of level 3 and level 4.  When k is a reasonably large integer, we proceed by choosing level 7, 
and in the process, dominating all the nodes of level 5 and 6, and also levels 8 and 9.  In case levels k and k 
– 1 are the only levels left after the choice of nodes using the above mentioned process, then level k is 
chosen, since our aim is to find a minimal 2-dominating set and level k has only one node. The data we 
arrive at, after applying the above mentioned process, is given in the table below.   
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Table 1: Distance 2 dominating set 
Graph Distance -2 dominating set 
ES (n, 1) All nodes of level 1 
ES (n, 2) All nodes of level 2 
ES (n, 3)  “     “             level 2 
ES (n, 4)  “     “            level 2 
ES (n, 5) “      Level 2 & Level 5 
ES (n, 6) “      Level 2 & Level 6 
ES (n, 7) “      Level 2 & Level 7 
ES (n, 8) “      Level 2 & Level 7 
ES (n, 9) “      Level 2 & Level 7 
ES (n, 10) “       Level 2, Level 7 & Level 10 
ES (n, 11) “       Level 2, Level 7 & Level 11 
ES (n, 12) “       Level 2, Level 7 & Level 12 
ES(n, 13)  “      Level 2, Level 7 & Level 12 
ES (n, 14) “       Level 2, Level 7 & Level 12 
ES (n, 15) “     Level 2, Level 7, Level 12 & Level 15 
ES (n, 16) “     Level 2, Level 7, Level 12 & Level 16 
ES (n, 17) “     Level 2, Level 7, Level 12 & Level 17 
ES (n, 18) “     Level 2, Level 7, Level 12 & Level 17 
ES (n, 19) “     Level 2, Level 7, Level 12 & Level 17  
ES (n, 20) “      Level 2, Level 7, Level 12& Level 20 
  
 
Although, the data has been given for only up to k = 20, we can rest assured that this is the pattern that will 
be recurring again and again, because of the hierarchical and scalable nature of ES (n, k).  From the data 
given above, we notice that the distance-2 dominating set can be determined using the following steps. 
Algorithm 2.2:  To Find the distance-2 dominating set of ES (n, k) 
Begin 
Input k, t 
int i, m, l, x 
ܵ ՚ ߮ 
Step:1 
 if k൑ 2  
    then 
ܵ ՚ ܵ ׫ {All nodes of level k} 
 else  
      Go to step 2 
Step 2: 
Consider the arithmetic progression   ܽ௜, ܽ௜+ 5, ܽ௜+ 5(2), ܽ௜+5(3)... ;              i= 1, 2, 3 
ܽଵ= 2, ܽଶ= 3, ܽଷ= 4 
Then the A.P generated are, A(1): 2, 7, 12, 17… 
A(2): 3, 8, 13, 18 … 
A(3): 4, 9, 14, 19 … 
Step: 3 
for i = 1, 2, 3  check using search algorithm 
   if A(i)ل k for some i 
      then ݔ ՚ ݅ 
݉ ՚ ݇ െ ሺݔ െ ͳሻ 
   else  
       Go to step 4 
ܵ ՚ ܵ ׫{All nodes belonging to levels 2, 7, 12...m} 
break; 
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Step 4: 
If kבA(i), for all i = 1, 2, 3 
  then 
     Choose an integer lאA(1) such that l <k and k – l < 5   
    //There exists only one integer in A(1) satisfying the above condition 
ܵ ՚ ܵ ׫{All nodes belonging to levels 2, 7, 12 ... l} 
break; 
Output S. 
End. 
Distance -3- dominating set of ES (n, k) 
 
2.3 Design of algorithm 
 For k൑ 3, we can easily deduce that the level k alone suffices as the distance-3 dominating set. Let 
k >3. Let S be the distance-3 dominating set of ES (n, k).  By choosing all the nodes of level 3, we can see 
that all nodes of level 0, level 1 and level 2 are dominated and so are the nodes of level 4, level 5 and level 
6.  In short, any node within a 3-distance of the nodes of level 3 are dominated. 
 Without loss of generality, we can assume that k is a reasonably large integer, hence the existence 
of levels 7, level 8 etc. is justified.  Now since the nodes of levels 0, 1, 2...6 are dominated by the nodes of 
level 3, we turn our attention to the nodes of level 7, 8 9 etc. (assuming that k >10).  By choosing level 10, 
all nodes of level 7, 8, 9 as well as, levels 11, 12, 13 are dominated.  In case level k, k – 1 and k – 2 are the 
only levels left, after the choice of levels in the above mentioned way, then we choose level k, because it 
has only one node, namely ଴ܲǤ  The following table gives the data that is obtained by using the process 
detailed above. 
Table 2: Distance- 3 dominating set 
Graph Distance -3 dominating set 
ES (n, 1)  All nodes of level 1 
ES (n, 2) All nodes of level 2 
ES(n, 3) All nodes of Level 3 
ES(n, 4)  “      Level 3 
ES(n, 5) “      Level 3 
ES(n, 6) “      Level 3 
ES(n, 7)  “      Level 3 & Level 7 
ES(n, 8) “       Level 3 & Level 8 
ES (n, 9) “       Level 3 & Level 9 
ES(n, 10) “       Level 3& Level 10 
ES(n, 11) “       Level 3& Level 10 
ES(n, 12) “       Level 3& Level 10 
ES(n, 13) “        Level 3& Level 10 
ES(n, 14) “        Level 3, Level 10 & Level 14 
ES(n, 15) “        Level 3, Level 10 & Level 15 
ES(n, 16) “       Level 3, Level 10 & Level 16 
ES(n, 17) “       Level 3, Level 10 & Level 17 
ES(n, 18) “       Level 3, Level 10 & Level 17 
ES(n, 19) “       Level 3, Level 10 & Level 17 
ES(n, 21)  “       Level 3, Level 10, Level 17 & Level 21 
ES(n, 22)  “        Level 3, Level 10, Level 17 & Level 22 
ES(n, 23)  “       Level 3, Level 10, Level 17 & Level 23 
ES(n, 24) “        Level 3, Level 10, Level 17 & Level 24 
ES(n, 25) “        Level 3, Level 10, Level 17 & Level 24 
ES(n, 26) “        Level 3, Level 10, Level 17 & Level 24 
ES(n, 27) “        Level 3, Level 10, Level 17 & Level 24 
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From the data obtained, we can clearly see that, the following algorithm gives the distance-3- dominating 
set of ES (n, k). 
 
Algorithm 2.4: To Find the distance-3 dominating set of ES (n, k) 
Begin 
Input k, t 
int i, m, l, x 
ܵ ՚ ߮ 
Step:1 
 if k൑ 3        
   then 
ܵ ՚ ܵ ׫ {All nodes of level k} 
else  
   Go to step 2 
Step 2: 
Consider the arithmetic progression   ܽ௜, ܽ௜+ 7, ܽ௜+ 7(2), ܽ௜+7(3)...;                i= 1, 2, 3 
ܽଵ= 3, ܽଶ= 4, ܽଷ= 5, ܽସ ൌ ͸ 
Then the A.P generated are, A(1): 3, 10, 17, 24... 
A(2): 4, 11, 18, 25... 
A(3): 5, 12, 19, 26... 
A(4): 6, 13, 20, 27... 
 
Step: 3 
for i = 1, 2, 3, 4 check using search algorithm 
   if A(i)لk for some i 
     then ݔ ՚ ݅ 
݉ ՚ ݇ െ ሺݔ െ ͳሻ 
   else  
       Go to step 4 
ܵ ՚ ܵ ׫{All nodes belonging to levels 3, 10, 17, 24...m} 
break; 
Step 4: 
if kב A(i), for all i = 1, 2, 3, 4 
  then 
     Choose an integer l אA(1) such that l <k and k – l <7 
ܵ ՚ ܵ ׫{All nodes belonging to levels 3, 10, 17... l} 
break; 
Output S. 
End. 
Distance-4 dominating set 
2.5 Design of Algorithm 
 We use the same method that has been detailed above in the process of finding an algorithm to 
determine the distance-2 dominating set and the distance-3 dominating set. 
 By starting with level 4, all nodes in the 4-distance neighbourhood of level 4 are dominated, 
namely levels 0, 1, 2, 3 along with the levels 5, 6, 7 and 8.  This method is used recursively until we arrive 
at level k.  In case levels k – 3, k – 2, k –1 and k are the only levels that remain, then level k is chosen, 
because it has only one node. 
 The following table, gives the data obtained by applying this method to ES (n, k) for k = 4, 5...30 
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Table 3: Distance - 4 dominating set  
Graph Distance -4 dominating set 
ES(n, 1) All nodes of level 1 
ES(n, 2) All nodes of level 2 
ES(n, 3)  All nodes of level 3 
ES(n, 4) All nodes of Level 4 
ES(n, 5) “          Level 4 
ES(n, 6) “          Level 4 
ES(n,7) “          Level 4 
ES(n,8) “          Level 4 
ES(n,9) “          Level 4 & Level 9  
ES(n,10) “          Level 4 & Level 10 
ES(n,11) “          Level 4 & Level 11 
ES(n,12) “          Level 4 & Level 12 
ES(n,13) “          Level 4 & Level 13 
ES(n,14)  “         Level 4 & Level 13 
ES(n,15) “          Level 4 & Level 13 
ES(n,16) “          Level 4 & Level 13 
ES(n,17) “          Level 4 & Level 13 
ES(n,18) “          Level 4, Level 13 & Level 18 
ES(n,19)  “         Level 4, Level 13 & Level 19 
ES(n,20)  “         Level 4, Level 13 & Level 20 
ES(n,21) “          Level 4, Level 13 & Level 21 
ES(n,22)  “         Level 4, Level 13 & Level 22 
ES(n,23)  “         Level 4, Level 13 & Level 22 
ES(n,24)  “         Level 4, Level 13 & Level 22 
ES(n,25)  “         Level 4, Level 13 & Level 22 
ES(n,26)  “         Level 4, Level 13 & Level 22 
ES(n,27)  “         Level 4, Level 13, Level 22 & Level 27 
 
 
The following algorithm is obtained from the data given in the table. 
Algorithm 2.6: Find the distance-4 dominating set of ES (n, k) 
Begin 
Input k, t 
int i, m, l, xܵ ՚ ߮ 
Step:1 
 if k൑ 4 
   then 
ܵ ՚ ܵ ׫ {All nodes of level k} 
else  
   Go to step 2 
Step 2: 
Consider the arithmetic progression   ܽ௜, ܽ௜+ 9, ܽ௜+ 9(2), ܽ௜+ 9(3)...;                  i= 1, 2, 3, 4, 5 
ܽଵ= 4, ܽଶ= 5, ܽଷ= 6, ܽସ= 7, ܽହ= 8 
Then the A.P generated are, A(1): 4, 13, 22, 31… 
A(2): 5, 14, 23, 32… 
A(3): 6, 15, 24, 33 … 
A(4): 7, 16, 25, 34... 
A(5): 8, 17, 26, 35... 
Step:3 
for i = 1, 2, 3, 4, 5  check using search algorithm 
   if A(i)لk for some i 
     then ݔ ՚ ݅ 
݉ ՚ ݇ െ ሺݔ െ ͳሻ 
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 else  
       Go to step 4 
ܵ ՚ ܵ ׫{All nodes belonging to levels 4, 13, 22...m} 
break; 
 
Step 4: 
if kבA(i), for all i = 1, 2, 3, 4, 5 
   then 
      Find an integer lאA(1) such that l <k and k – l <9 
ܵ ՚ ܵ ׫{All nodes belonging to levels 4, 13, 22 ... l} 
break; 
Output S. 
 
Generalization: Distance-t- dominating set of ES (n, k) 
2.7 Design of Algorithm 
 The distance -t dominating set for t >4 can be found using the same method that we used for t = 2, 
3, 4. For any k൑t, level k alone is sufficient as a distance-t dominating set. For k >t, we pick level t in the 
beginning and all nodes in the distance-t neighbourhood are dominated by the nodes of level t.  We use this 
process recursively until we reach level k. 
 From algorithm 2.2, 2.4 and 2.6, we can generalize and derive an algorithm to determine the 
distance-t dominating set of ES (n, k) for all t >1 such a generalization is possible, only because ES (n, k) 
has a hierarchical structure and the pattern of choice of levels is recurrent.  
 
Algorithm 2.8: To find the distance- t dominating set of ES (n, k) 
Begin 
Input k, t 
int i, m, l, xܵ ՚ ߮ 
Step:1 
 if k൑t  
   then 
ܵ ՚ ܵ ׫ {All nodes of level k} 
else  
   Go to step 2 
Step:2 
Consider the arithmetic progression A(i): ܽ௜, ܽ௜+ (2t + 1), ܽ௜+ 2(2t + 1), ܽ௜+3(2t + 1)...  
ܽଵ=t, ܽଶ=t + 1, ܽ௧ାଵ= 2t 
Step: 3 
for i = 1, 2...t + 1  check using search algorithm 
  if A(i) لk for some i 
    then ݔ ՚ ݅ 
݉ ՚ ݇ െ ሺݔ െ ͳሻ 
  else  
       Go to step 4 
ܵ ՚ ܵ ׫{All nodes belonging to levels ܽଵ, ܽଵ+ (2t + 1), ܽଵ ൅ ʹሺʹݐ ൅ ͳሻ....݉} 
break; 
Step: 4 
if kבA(i), for all i = 1, 2.. t + 1 
  then 
      Choose an integer lאA(1) such that l <k and k – l < 2t + 1 
ܵ ՚ ܵ ׫{All nodes belonging to levelsܽଵ, ܽଵ+ (2t + 1), ܽଵ + 2(2t+ 1)...݈} 
break; 
Output S.                                                                                                     ■ 
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Conclusion 
 In this paper we have designed algorithms to determine the distance- t dominating set of a 
massively parallel architecture such as the Extended Star Graph ES (n, k). The algorithms  outlined in this 
paper can be used as a precursor for designing a load balancing algorithm. Also the algorithms outlined in 
this research paper  help to determine alternate parallel paths, if there are one or more faulty nodes. 
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